SINGULAR LOCALIZATION FOR QUANTUM GROUPS AT GENERIC q. 



ERIK BACKELIN AND KOBI KREMNIZER 



Abstract. We quantize parabolic flag manifolds and describe categories of equivariant 
quantum D-modules on them at a singular central character. We compute global sections 
at any g G C* and we also prove a singular version of Beilinson-Bernstein localization for a 
quantized enveloping algebra Uq(0), when q is generic. 



1. Introduction 

This note is part of our ongoing project on localization and representation theory of quan- 
tum groups. Localization theory started with the celebrated localization theorem of Beilinson 
and Bernstein, [BB81j . which we remind goes as follows: Let g be a complex semi-simple Lie 
algebra, f) a Cartan subalgebra and B the flag manifold of g. Let A € f)* be regular and 
dominant and let Ix be the corresponding maximal ideal in the center of U(0). Let be 
the sheaf of A-twisted differential operators on B. Then T{T>q) = U(g)^ := U(0) /(/a) and 
r : P^-mod U(0)^ -mod is an equivalence of categories. For applications and details we 
recommend the book |HTT08j . 

The next fundamental step was taken by Bezrukavnikov, Mircovic and Rumynin, |BMR08] . 
They did Beilinson-Bernstein localization in finite characteristic at regular central character 
and later in [BMR06] at singular central character, at the level of derived categories, utilizing 
the techniques of Azumaya algebras. 

The authors did localization for a quantum group := Ug(g) at a generic g G C* in 
|BK06| and at a root of unity in [BKOSj - in both papers for regular central character, in the 
latter motivated by the ideas of [BMROSj . In |BK10| we also did localization for the complex 
enveloping algebra case at a singular central character. 

In this paper we consider singular localization for Ug. Let us sketch the basic constructions: 

We shall merely assume that g is a reductive Lie algebra and we let G be a reductive 
group such that LieG = g. Let P C G be a parabolic subgroup and let V = G/P be the 
corresponding parabolic flag manifold. First we quantize V the same way as we quantized 
B in [BK06j . We remind that this is done as follows: Observe that the category O-p-mod 
of quasi-coherent sheaves on V is equivalent to the category (0(G),P)-mod of P-equivariant 
C'(G)-modules, since G is affine. Since an algebraic P-action is the same thing as an 0{P)- 
coaction the latter category admits a quantization. 

Indeed, let Oq := Oq{G) and Oq{P) be the quantized Hopf algebras of functions on G 
and P, respectively, and let (C'q,Pg)-mod be the category whose objects are O^-modules and 
©^(Pj-comodules with a certain equivariance compatibility, see Section 13.11 According to 
Grothendieck a space is the same thing as its category of sheaves, so we think of (Og, Pg)-mod 
as a quantization Vq of V. In Proposition 13.31 we give a quantum counterpart to Serre's 
description of projective varieties. 
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Then we fix a weight A and chose P such that the singular roots of A are contained 
in the P-parabohc roots. |BMR06] considered a sheaf of certain extended differentials 
operators in characteristic p on V that locally looks like D-p tensored with the primitive 
quotient determined by A of the enveloping algebra of the Levi-factor of Lie P. In |BK10] we 
considered the same sheaf in characteristic 0. 

Here we use the equivariant language to quantize the category D^-mod, see Section 14.21 
We then describe global sections in Theorem l4.lt for any q (except perhaps roots of unity of 
order smaller than the Coxeter number of q). 

At a generic q we prove a version of Beilinson-Bernstein localization, Theorem 15.11 The 
proof is close to that given in [BKlOj , which in turn is a variation of the argument of [B B81j . 

Let us remark that jBKlOj used singular localization to give a P-module interpretation of 
translation functors and also to give a new description of singular blocks in the Bernstein- 
Gelfand-Gelfand category O, generalizing results of |Soe86] . The same thing can be done for 
Ug at a generic q, with practically exactly the same methods. We have omitted this here. 

In a subsequent paper we will do singular localization for Ug, for q a root of unity. Our 
description of global sections given here will be important in that paper. Just as in the 
modular case and the regular quantum group case Beilinson-Bernstein localization will then 
only hold at the level of derived categories. This is the most interesting case and we shall use 
this and the results of [BMR06| IBMlOj to compare the representation theory of Vq with the 
representation theory of the Lie algebra 0(Fp), when qP = 1. 

We advice the reader to look at [BKlOj before this paper. That paper was written with 
the present in mind and the geometric ideas behind the equivariant definitions given here 
are explained there. Quantum groups are technically harder to work with than enveloping 
algebras in the context of localization theory because, for instance, the adjoint action of 
Ug on itself is not integrable (see Section 12.61) and PBW-bases and (parabolic) triangular 
decompositions are more complicated than in the classical case. 

Once those technical complications are overcome we will see, however, that the conceptual 
difference to the enveloping algebra case is small. 

2. Preliminaries on quantum groups 

We work over C. q will always denote a complex invertible number such that ^ 1. We 
say that q is generic if q is not a root of unity. 

In this section we recall some facts about quantum groups. The material here is mostly 
standard. This paper is a continuation of the papers |BK061 IBK08| . Let us mention that 
we shall not particularly follow the notations of those papers, but rather "quantize" those of 

|BKin|. 

|CP95| is our main reference for the material here. See also Section [6TT] for some facts about 
Hopf algebras that will be used here. 

2.1. Root data. Let g be a reductive Lie algebra and let [) C b C g be a Cartan subalgebra 
contained in a Borel subalgebra. Let n C b be the unipotent radical. Let b be the opposite 
Borel and n its unipotent radical. We denote by U(0) the enveloping algebra of q and by Z{q) 
the center of U(0). 

Let A be the simple roots, let A be the lattice of integral weights and let A^ be the root 
lattice. Let A_|_ and Aj._|_ be the positive weights and the positive integral linear combinations 
of the simple roots, respectively. 
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Let W be the Weyl group of Q. We let ( , ) denote a W-invariant bilinear form on {)* 

normalized by (7, 7) = 2 for each short root 7. 

Let T\ := Homgroups(A-) C*) = MaxspecCA be the character group of A, where CA is the 
group algebra of A. The W-action on A induces a W-action on T\. We define the •-action of 
W on Ta by w • A = ^(A + p) — p, where p is the half sum of the positive roots. For p€Awe 
define G Ta by the formula q^{j) = q^^^''^\ for 7 € A. For any a € A, put '■= {a, a)/2. 

Let G be a connected reductive algebraic group such that GjZ{G) is simply connected 
(where Z{G) is the center of G) and LieG = Q. Let B be the Borel subgroup of G with 
LieB = b. Let P ^ i? be a parabolic subgroup of G and let p = Lie P. Let R be the 
unipotent radical and let L be the Levi-factor of P and denote by r and [ their respective Lie 
algebras. Let Ap C A be the P-parabolic roots (so Ap = 0, Aq = A). Write P, R, p and r 
for their respective opposite groups and Lie algebras. 

Let A G Ta and put A^ = {a G A; Sq, • A = A}. We say that 

• A is P-regular if Ax C Ap. A is regular if it is P-regular, i.e. if S'ta6(w^,) (A) = {e}. 

• A is a P- character if A is integral and X{Ka) = 1, for a G Ap. 

2.2. Quantized enveloping algebras. 

2.2.1. Let {aafi)a,peA be the Cartan matrix of g. Chose integers da so that {dada^) is 
symmetric and define a new bilinear form ( , on A by (/i, i')d = dafa{cy, v), for p,^ e A 
and p = Yl faa, fa G Q. Put q,, = q"^". 

Let \Jg := Ug(0) be the simply connected quantized enveloping algebra of g. Recall that 
Uq has C-algebra generators Ea, Fa, K^, for a,/3 € A and /x G A. These are subject to the 
relations 

KxK^ = Kx+^,, Ko = l, 

Ka — K-a 

[Ea, Fp] = Sa,0— Zi^ 

Qa - Qa 

and certain Serre-relations that we do not recall here. We have 

AK^ = K^0 K^, AEa = Ka®Ea + Ea®l, AFa = l®Fa + Fa® K_a 
S{K^) = S{Ea) = -K_aEa, S{Fa) = -FaKa 

e{Ki,) = l,e{Ea) = e{Fa) = 

2.2.2. Let Oq = Oq{G) be the algebra of matrix coefficients of finite dimensional type-1 

representations of Ug. This is a quantization of the algebra of functions 0{G) on G. There 
is a natural pairing ( , ) : Ug (^Og — C This gives a Uq-bimodule structure on Oq as follows 

(2.1) pi{u){a) := ua := ai{u,a2), Pr{u){a) := au := {u,ai)a2, u G Vq,a G Oq 

so that pi is a left action and p^. is a right action. Then Oq is the (restricted) dual of 
with respect to this pairing. Quantizing the enveloping algebras U(p) and U([) gives Hopf 
subalgebras of Ugi 

Vq{p) = C{K^, Ea, Fp;peA,aeA,pe Ap) and 
U,(l) = C{K^, Ea, F^;peA,a,l5e Ap) 
In particular, Ug({)) is isomorphic to the group algebra CA. 

There is the counit e : Ug — ^ C. We put U^^q = Kere and for any subalgebra R of Ug we 

put R>o = RnUq^Q. 
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A quantization of Uq(r) (and of Uq(r)) will be given in Section [6.21 This is rather involved. 
Let us here mention its most important properties which are that it is a tensor complement in 
Uq(p) to Ug([), is stable and integrable under the right adjoint action of Ug(r) and specializes 
to U(r) at g = 1. Moreover, the case r = n leads to a slightly non-standard definition of 
U,(n). 

2.2.3. We let Oq{P) and Oq{L) be the quotient Hopf-algebras of Oq corresponding to the 
subalgebras Ug(p) and Ug([) of Ug, respectively, by means of the duality between Oq and Uq. 

2.3. Modules and comodules. 

2.3.1. We shall often call a right (resp., left) Og-comodule a left (resp., right) Gg-module. For 
a (right) Gg-module M we denote by M^'i = {m € M; Am = 1 (8)?n.} the set of Gg-invariants. 
(Similarly, there are Pg-,I/g-modules, etc.) 

Let Q ^ P he & parabolic subgroup of G. Oq{Q) is naturally a Qq — Pg-bimodule. Using 
the antipode we can make a right Pg-module into a left Pg-module. Because of this we shall 
freely pass between Qq — Pg-bimodules and vector spaces equipped with commuting left Qq 
and Pq-module structures. 

We have an adjoint pair of functors 

(2.2) i^esj^ : Q^-mod ^ Pg-mod : /nd^J 

where RgSq (M) = M as a set and the Pg-module structure is the restriction of the of Qq- 

module structure, i.e. the Og(P)-comodule structure is the composition M ^ M Oq{Q) — > 
M ® Oq{P), for M € Qg-mod. Ind^'^{N) = {Oq{Q) Nf-^, for N G P^-mod and the Pq- 

invariants are taken with respect to the diagonal Pg-action. The Qg-action on Incf^^{N) is 
given by the left Qg-action on Oq{Q). 

2.3.2. For M € Qg-mod and N E Pg-mod there is the tensor identity 

(2.3) M (g) Ind'^^N ^ Indp^M (g) iV, m0{a®n)^ mia m2 ® n 
which is an isomorphism of Qg-modules. 

2.3.3. Suppose that A G T\. We observe that there exists an irreducible left Pg-module 
Vpg{X) with highest weight A iff X{Ka) G {1, g, g^, . . .}, for a G Ap, when q is generic (at 
a root of unity there is a similar condition). Note that Vl^(A) := Vp^(A) is an irreducible 
representation for Lq. Of course, dimyp^(A) = 1 <^=^ A is a Pg-character. 

2.3.4. Let P C Q be parabolic subgroups of G and let L' be the Levi factor of Q. We state 
for the record 

Lemma 2.1. For any Pq-module M, Ind^^,^p-^ M carries a natural structure of Qq-module. 
There is a natural isomorphism of Qq-modules 

(2.4) T : Jndg; (M) ^ /ndJ^^nP), (^) 
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Proof. Let Oq{Q) — )• Oq{L') be the algebra homomorphism which is dual to the inclusion 
\Jg{LieL') ^ \Jg{LieQ). We then define r(/ (g) m) = p{f) (g) m, for f m £ Ind^^{M). It is 
straightforward to verify that this is an isomorphism. The Qg-action on the right hand side 
is now defined by transportation of structure. □ 

2.4. The center of Uy and the Harish-Chandra homomorphism. 

2.4.1. Let Z{A) denote the center of an algebra A. Put Z = Z(\Jq). Then Z contains the 
Harish-Chandra center Z^'-' and, if g is a primitive Tth root of unity, Z also contains the 
/-center Z^'^ which is generated by E'qjF^ and K^, a £ A, ^ G A. 

Let us now describe Z^^ . Let T be the group of all group homomorphisms from A to {±}. 
Thus r = ((TQ,;a S A), where aa{(jJp) = (— l)'^^,/? and the ujps are the fundamental weights, 
/3 E A. r has a natural action of W, so we can form W := L xi W. We consider the following 
action of VV on CA: the subgroup W act by the "-action and o" S L act by a{Kx) = (t{\)K\, 
for A € A. Let CA^ be the invariant ring. Observe that CA'^ = C2A so that CA^ = C2A^. 
There is the Harish-Chandra isomorphism 

^,ZHC ^ CA^ 

For A G Ta let x\ '■ Z^^ — >■ C be the corresponding central character. This construction is 
standard when g is semi-simple. Our reductive q can be written as a direct sum of Lie algebras: 
= [0, s] ©^g, where Z^ is the center of g and [g, g] is semi-simple. Thus, Zq C f) and we have 
Ug = Ug([g, g])(8'Ug(-Eg) (where Ug(^g) C CA). The Harish-Chandra homomorphism x for Ug 
can thus be described as the product x = X[5,g] ® I^x^qiz^)-: where X[g,0] is the Harish-Chandra 
isomorphism for the quantum group Ug([g,g]). 

If q is an Tth root of unity we have Z = Z^'~^ ^zWnz"^ ^^'^ ^^^^ if ^ is not a root of unity 
we have Z = Z^^ . 

Note that to describe Z^^' (\Jq{l)) we should consider Wp = Lp xi Wp where Lp = (cJq; q G 
Ap). We get then the Harish-Chandra isomorphism 

X,:2^'^(U,([))^CA^^. 

2.4.2. Part i) of the following lemma is standard and part ii) is proved in [BKlOj for the 
enveloping algebra case and the proof in the generic quantum case is the same. 

Lemma 2.2. Assume that q is generic. Let A G T\. i) Then A is dominant iff for all 
H G Ar+ \ {0} we have xa+m / Xa 

ii) Let A be P-regular and dominant. Let fi be a P-character. Then for any %[) G A(Vg^(;u)), 7^ 
H, we have xa+m / Xa+V'- 

2.5. Integral versions of Ug. 

2.5.1. Let t be a parameter and let Ut be the C(t)-algebra defined by the same generators 
as Uq and modulo the relations obtained by substituting t for q in the defining relations 
of Ug. Let A = Z[t,t~^. Let V^J^ be Lusztig's integral form of Ug, the ^-algebra in \Jt 

generated by divided powers = E2/[n]ci^\, F^"'^ = F^/[n]dJ., a a simple root, n > 1 

(where [m]^ = ^^]^d_q-d ) find the i^^^'s, G P. There is also the De Consini-Kac integral 

form U^, which is generated over A by the Ea,Fa and K^^s. The subalgebra is preserved 
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by the left (and right) adjoint actions of UJ^*^. The braid operators preserves these integral 
versions. 

0_A is defined to be the dual of U^'^. This is a Hopf yi-subalgebra of Og. 
Similarly we get integral versions U^(p) and U^'^(p) that are subalgebras of and U^*^, 
respectively. 

Specializing t H- g we get Ug(p) and Ug'''^(p) as well. For a generic q we have Uq'^^(p) = Ug(p). 
2.6. Integrable part of Ug. 

2.6.1. Integrability of modules. A (say right) Ug°'^-module M is called integrable if there is a 
Gg-module structure on it such that um = {u,mi)m2, for u € Ug'^'^,m G M, mi m2 is the 
coaction on m and ( , ) : U^*''^ (B)Oq — )• C is the natural pairing. At a generic q we have that 
M is integrable iff the U^'^^-action is locally finite and the iT^'s act by integer eigenvalues. 
For q a root of unity and M a Ug-module which admits an ^-form we have that M is 
integrable if the U^'^-action on M is locally finite and the K^^s act by integer eigenvalues. 

Any (right) U^'^'^-module M has a unique maximal submodule M'"' := M^"'"* on which the 
Ug^'^-action integrates to a G^-action. Similarly, there is Ug([)-integrability and the maximal 
Ug([)-integrable submodule M'"'"' of a given Ug([)-module M. 

On the other hand, a G^-module structure on a vector space M always differentiates to a 
Uq-module structure on M. 

2.6.2. It is a technical complication with quantum groups that the adjoint (left or right) 
action of U^'^'^ on \Jg does not integrate to a Gg-action. We consider here the right action. It 
is easy to see that U"* := U^"'"' is a subalgebra of Ug. More generally, U^'"* is an algebra. 
Ug'"' is a left coideal in Ug, i.e. AU^'"' C U^"'"' (g)Ug (but it is not a Hopf subalgebra). 

Ug"' was first systematically studied in [JL92j . (They called it the "ad-finite" subalgebra, 
but since this is misleading at a root of unity we prefer the name "ad-integrable" . In the 
papers |BK06llBK08j we also called it U^*" instead of U^"'.) Let uii and Oj, 1 < i < r := rankg, 
be the fundamental weights and the simple roots, respectively. To give the reader a feeling 
for U"* we state: 

Lemma 2.3. i) /s:2u;,, i^2a;,-a,^a, and K2uj,F^, G U^"*. n) V'^"* 0^^nt ^^^^CA = Vg. 
Proof. A computation (inside U^) shows that 

adl{E^J{K2^J = adr{Ea^ ){K2u^,) = ad^.{FaJ{K2^J = ad,(F„J(i^2c.,) = 0, i / j. 

An application of the PBW-theorem shows that this implies that K2uji G U^"', for all i. Since 
K2uji-aiEai ~ adr{Ea^){K2uii) and K2uiiFa^ ~ adr{Fa^){K2un) (where ~ means equal up to a 
non-zero scalar) we have proved i). ii) follows from i). □ 

We have Z^^(Ug) C U^;'*. Let Z"^(\J''^'') := Z^'=^{\Jg) be the Harish-Chandra center of 
Ui;'*. On the other hand Z'^^\\Jg) ^ U^'^*, for q an /'th root of unity. 

Example 2.4. We have Ug(s[2)'"' = C{KF, K, E, z), where z = +FE G Z(Ug(s[2)) 

is the Casimir operator. Thus CAi;.^' = C[K] and CA = C[L], where = K. 

Another important feature is that, contrary to U^, U^"* is free over its Harish-Chandra 
center, except possibly for a finite set of roots of unity, see |JL92t iBOOl IBKll] . This freeness 
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property holds only for the simply connected version of Ug which is a main reason we work 
with that version. 

We are primary interested in the representation theory of Ug, but it will be U^"' that occurs 
naturally as global sections, see Theorem 14.11 However, we remark that the representation 
theories of and U^"' are very similar. This will be precisely explained in the next section. 

Following |JL94j we define 

Definition 2.5. Let A G Ta. Put := W^' /(Ker xa)- 

The right Gg-action on Ug"', resp. on Ug, that is obtained by integrating adr(Uq) is called 
the right adjoint Gg-action and again denoted by adr- 

Remark 2.6. There was a misprint in the paper [BK06] which unfortunately, partly, moved 
on to |BK08j : there we defined Ug to be U"* /Ann^int{Mx)- At a generic q this is the same 
as the correct definition 12.51 given here but at a root of unity it is wrong. 

2.7. Verma modules and universal Verma modules. 

2.7.1. There is the Verma module M\ := Ug (giu {b)^\ for Ug with highest weight A € Ta, 
where is the 1-dimensional representation of Ug(b) defined by A. For q generic we have 
the quantum Duflo formula (see |JL94| and |BK11| ) 

Ann^int{Mx)=Vf'-KeTXx. 

Let A € Ta and let fix be the highest weight vector of Mx. Denote by MAlrjint the Verma 

module Mx considered as a module for the subalgebra U"* of Ug. Restriction defines an 
algebra map (p : Ta T^int := Maxspec (CA n U^"*). We get 

Lemma 2.7. U!,"*-/iA = Mx- Moreover, if if X, X' G Ta satisfy (p{X) = (p{X') then Mx\-,.^nt = 
Mx'lijint. Here Mx\^int denotes Mx considered as a module over\J™K 

Remark that we could also have considered Verma modules for U"* to be parameterized 
by T^int- It is sometimes a subtle issue which version of the quantum group one should use, 
i.e. which functions on the tori one should include. We have chosen to work with the simply 
connected version - because it is free over Z^'^' - but note that all versions of Ug have the 
same Verma modules, as sets, and that they are parameterized by the spectra of the torus 
part of the quantum group in question. 

Definition 2.8. Let Mp^ := U^"'"*/ Ug'"' • Ug(r)>o be a "Pg-universal" Verma module for 
U^'"'. For A G Ta let Mp,,a := Mp, »2hc(u,([)) Ca- 

Here Ca is the 1-dimensional representation for Z^'^' {\Jq{l)) on which z G Z^'-'' {\Jg{l)) 
acts by Xi.xi^)- Observe that the right adjoint action adj. of Ug(p) on Mp^ integrates to a 
Pg-action. We shall always consider Mp^ with this Pg-action and in particular its restricted 
Lg-action. 

Observe that for P = B we have that Mb^^x coincides with the usual Verma module Mx- 

By corollary 16.41 we see that the canonical map Ug(p )'"'"' — )• Mp^ is an isomorphism of 
Lg-modules. 
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2.7.2. Denote by A{V) the set of weights of a Ug-module V. We shah need a quantum 
version of a classical result of Bernstein and Gelfand: 

Lemma 2.9. Let V be a finite dimensional \]^^*-module and assume that M is a \J™^-module 
such that KerxA • M = 0. Then I ■ M ® V = 0, where I := n^GA(y) KerxA+^t- 

Proof. We shall prove [231 only for the case that q is generic. The general case can be deduced 
from this, using a continuity argument and integral forms of \Jq, I and V, but we have omitted 
the details. Its enough to prove that 

(2.5) I.\]^^V = 0. 

Using a suitable Uq(b)'"*-filtration on V with 1-dimensional subquotients a standard argument 
shows that 

(2.6) I -Mx^V = 0. 

By the quantum Duflo theorem we have that M\ is a faithful representation of U^. Thus 
we are in the position to rerun the argument from the proof of the enveloping algebra case, 
Theorem 3.5 in [BerGelSl] . to deduce that 12.61 implies [231 in this case. □ 

3. Parabolic quantum flag manifold 

In |BK06j a quantum flag manifold, or more precisely the category of quasi-coherent sheaves 
on it, was defined. Here we use the same method to quantize a parabolic flag manifold. 

3.1. Definition of the parabolic quantum fiag manifold. 
3.1.1. Let A be the comultiplication on Oq. The composition 

(3.1) Og ^ Og (S) Oq ^ Oq{P) Og 

defines a left C'y(P)-comodule structure on Og. 

A Pg-equivariant sheaf on Gg is a triple {F, a, (3) where P is a vector space, a : Oq®F ^ F 
a left Oq-module action and /? : F — )• Oq{P)®F a left C'g(P)-comodule action such that a is a 
left comodule map, where we consider the diagonal comodule structure on Og^F. Morphisms 
of Pq-equivariant sheaves on Gg are Og-linear and Pg-linear maps. 

Definition 3.1. We denote by {Oq, Pg)-mod the category of P^-equivariant sheaves on Gg. 

We shall refer to objects of {Og, Pq)-mod as (Og, Pq)-modules. Classically, let V = G/P 
be the parabolic flag manifold. There is an equivalence (0(G),P)-mod = O-p-mod, where 
Op-mod is the category of quasi-coherent sheaves on V. For this reason we like to think of 
objects of {Og, Pg)-mod as "(quasi-coherent) sheaves on Vg" . 

3.2. Vector bundles and line bundles. 
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3.2.1. Let F be a finite dimensional Pg-module. Then we have 

Og^V e {Og,Pg)-mOd 

where Pg acts (i.e. Oq{P) coacts) diagonally and Og acts on the first factor. Since Og is 
a Gq- Pg-himodule (i.e. an C',^(P)-C'g-bicomodule) we see that Oq ^ V comes with a left 
Gg-action as well. We can think of Oq iS)V as a G^-equivariant vector bundle on {V)q. 

When A is a P^-character (in which case also —A is a P^-character) we put C;^ := Vp^(A) 
for the corresponding one-dimensional representation and we denote by 

Ov,{X) := Og ® C_A G {Og, Pg)-mod 
the corresponding line bundle on Vg. We shall also use the notation 

M(A) := M ® C_A e {Og, Pg)-raod, 
for M G [Oq, Pq)-mod and A a P^-character. 

3.3. Global sections, direct and inverse image. 

3.3.1. There is the global section functor 

r:{Og, Pg)-mod C-mod, M ^ M^", M e {Og, Pq)-mod. 

Let Q ^ P he another parabolic subgroup of G (actually, in this section we don't need 
that Q and P are parabolic). Let Q = G/Q and think of a symbolic map iTg : Vg Qg 
as a "quantization" of the projection tt : P — >■ Q. Recall that we have the adjoint pair 

p Q 

Resq^ : Qq-mod P^-mod : Inap\ It induces an adjoint pair of functors 
(3.2) TT^f : {Og, Q,)-mod ^ {Oq, P,)-mod : t^^^. 

Here, -7r^^*M = Resg' M as a P^-module and the Oq-module structure is the given by that 

on M, for M G {Oq,Qq)-mod. 

Similarly, 7r|^,M = Ind^'^M as a Qq-module and its C^-module structure is as follows: 
Let A' : Og ^ Og{Q) Og be the left coaction of Og{Q) on Og that is obtained by 

integrating the action /x^ of \]g{LieQ) on Oq. Let f ®m & tt^^^M and let a E Og. Write 

A'a = ai<Si OL2. Then we have a. - {j ®r(i) = a\j ® a.2'm. 

We have that vr^^* is exact and tt^^^ is right adjoint to tt^^*; thus tt^^^ is left exact and maps 
injectives to injectives. Let 

e : (Oq, Gq)-mod ^ C-mod, V ^V^, 
be the canonical equivalence. There is a natural equivalence of functors G o tt^^^ = F. 

Lemma 3.2. {Og, Pg)-mod has enough injectives, hence the derived functors RT and Ptt^^^ 
are well-defined. 

Proof Let p : G ->• P be the projection, let M G (C'q,Pq)-mod and let p*M -)■ / be an 
injection of p*M into an injective object / G Oq-mod. Then Pg*/ is injective and we get an 
injective composition 

M Vq*P*gM pgj. 

□ 
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Note that Rti-q^^oRtt^'^^ = Rn^'gl, for Q' D Q a third parabohc, since RiTq^ maps injectives 
to injectives. 

3.4. Ampleness of line bundles on Vq. 

3.4.1. Let X £ T\ and fix P. We let A >> mean that A is a Pg-character and X{Ha) » 
for each a E A — Ap. Our result here is 

Proposition 3.3. We have 

(1) R>^V{Ov^{X)) = 0, for A G A+ a Pq-character. 

(2) The global section functor V on {Oq, Pq)-mod has finite cohomological dimension. 

(3) Each object in (Oq, Pq)-mod is a quotient of a direct sum of Op (A) 's. 

(4) Any surjection M M' of noetherian (i.e. Oq-coherent) objects in {Og, Pq)-mod 
induces a surjection r(M(A)) -» r(M'(A)) for A >> 0. 

(5) If M G {Oq,Pq)-mod is noetherian, then R>°r{M{X)) = for X » 0. 

Proof. The case P = B was dealt with in [BK06]. We shall reduce to that case. 

(1) Let A G A+ be a Pg-character. We must prove that P>°r(0-p^ (A)) = 0. By the tensor 
identity we have RT{0-p^{X)) = Oq® RIndp'^{C^x); hence, it is enough to prove the Kempf 
vanishing 

(3.3) i?>°/ndpJ(C_A) = 0. 

By |APW91] . [3:3l holds for P = P (and any A G A+). Thus we have 

Ind%l{C-x) = Rlnd^liC^x) = Rlndp'^ o RInd^l{C-x)- 

P L 

Now, RInd^^{C-\) = Rlnd^^^^^^ with trivial Uq(r)-action on the latter. Since Lf^B is 

a Borel subgroup of the reductive group L, [APW91| applies again, so we get RInd^^{C-x) = 
Ind^' (C_a)- Since A = on Ap it is clear that Ind^^(C^x) = C_a- Thus, 

RIndp'^{C_x) = Indp^iCx)- 
Thus [331 holds and 1) is proved. 

(2) Let M G {Oq, Pq)-mod. Then we have from the tensor identity and the result of (1) 
applied to Co that 

Rlndp'^iM) = M(g) Rlndp'^iCo) = M. 

Thus 

Rlndp'^iM) = Rlndp'^ o Rlndp'^iM) = RIndp^{M), 

G 

which proves that RIndp'' has finite cohomological dimension, since we know from |APW9l] 

Q 

that Rlndp''^ has cohomological dimension < dimS. 

(3) , (4) and (5) can now formally be deduced from (1),(2) and Lemma [3.21 bv the same 
arguments as those in |BK06| . □ 

Remark 3.4. Using the multi-graded version. Proposition 2.1, in [BK06] . of a theorem of Artin 
and Zhang about non-commutative projective schemes one can deduce that {Oq,Pq)-mo(l = 
Proj(^g), where Aq is the ring ®x&P-characters^{OvqW)- 
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4. Modules over extended quantum differential operators 

We define some algebras of quantum differential operators on Gq and then we define cate- 
gories of quantum D-modules on Vq. 

4.1. Algebras of differential operators on Gq. 

4.1.1. The construction given here is a version of the Heisenberg double, see |M93j . Recall 
the actions fii and fj,r of \Jq on Oq from 12.1] the left and right adjoints action adi and adr of 
Vq on itself. In [BK06j we defined the ring of differential operators "Dq on Gq to be the smash 
product Vq := Oqj^Vq with respect to the action ^i. 

Both the algebras Oq ® Ug and Vq are right Ug-module algebras with respect to the action 
on Oq and the action adr on Ug. We shall refer to these actions as the right adjoint actions 
of Uq on Oq Ug and on Vq, respectively, and denote them by adr- 

The algebra Vq is suitable in relation to equivariant sheaves of differential operators on Bq, 
but it turns out that for each parabolic P it is better to use a different version of it (see 
Remark 14. 4p . Since U^"'"* is a left coideal in Ug we can define subalgebras of Vq by 

Definition 4.1. Let P^"'"' = C'g#U^"'"*. 

Observe that this coincide with our earlier definition: P^'"* = adr(U(j(0)-iiitegrable part 
of Vq. Note that P^"'"' = Vq I = t). We write Pj,"' = Pf'"'. P^""* is a U^-submodule 

algebra of Vq. 

The action adrliTint integrates to an action 

coad : U^"* ^Oq(g> U^"' . 

This makes U"* an O^-comodule algebra, i.e. coad is an algebra homomorphism. From the 
tensor identity we have U"* = coad(Ug"') = (Oq (X'U™*)^''. coad is however not the embedding 
that we are primary interested in. We have 

Lemma 4.2. There is an injective algebra homomorphism ei : (11™*)°^ — t- P™* whose image 
is the space of right Gq-invariants (P™*)*^9J3 

Proof. Let Ug"f(,fj be the integrable part for the left adjoint action. We have the algebra 
homomorphism S : (11^"')°'' — t- U^f^f^. Let be defined as the composition 

Uint coad ^ Tji^^ 1( ^5* ^ ^ ^ TT^^* assets ^int 
q,\eh ^ ^ ^ qM^ ^ ^q ^ ^ q — ^q ■ 

Put ei = S oe[. It follows from [M93] that ei is an algebra embedding. □ 

jl-int , jy 
'q ^ 



Observe that the e/ does not extend to an embedding U'"'"' — )• P„, unless I = g. 



There is also the left adjoint action of Vq on Vq. This action commutes with the right adjoint 
action and is defined by taking the action m on Oq and the trivial Ug-action on itself. We 
denote this action by adi. It integrates to a G^-action. It restricts to a Gg-action on P^"'"'. 
We get the embedding 



^Recall that in classical Lie theory differentiating the left action of G on itself gives an embedding of the 
enveloping algebra U(g) into right invariant differential operators on G. 
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Thus ej.(Ug'"*) = '^■'I?^"'"', equal the space of invariants for the left adjoint Gg-action. Note 
that 2(Ug([)) C U^'"* so that e^(Z(Ug([))) C P^"*. 

4.2. Definition of quantum D-modules on Vq. 

4.2.1. 

Definition 4.3. Let (Pg™*, Pg, Ug(r))-mod be the category whose object M satisfies 

(1) M is a left D^'"*-module. 

(2) M has a right Pg-action p such that P^"'"* ® M -> M \s Uq(p)-linear. 

(3) dp{x)m = er{x)m, for x G Uq(r), ni € M. 

The Uq(p)-linearity in ii) means with respect to the action dp on M and the right Ug(p)- 
action on 2?^"'"' (gi M given by (y m) ■ x = adr{x2){y) ® dp{xi){m), for y (^m ^ P^"'"* (g) M 
and X G Uq(p). Morphisms are D^^^-linear and Pg-linear maps. We define the global section 
functor r on this category to be the functor of taking Pg-invariants. Recall the Pg-universal 
Verma module Mp^ from Section 12.71 Let 

Vv, := Og e,(MpJ G (P^^', P^, Ug(r))-mod. 

Observe that V^p^ represents the global section functor on this category. 

Remarks 4.4. A) It is enough to verify condition (3) on a set of Pg™*-module generators of M. 
The reason for this is that Ug(r) is a left coideal. Indeed, if m G M satisfy dp(x)m = er{x)m 
for all X G Ug(r), then for y G P^"'"' we also have 

(ym) ■ X = adr{x2){y)dp{xi)m = adr{x2){y)er{xi)m = er{x){ym) 

since xi G ^]q{x). This implies that any object satisfying (1) and (2) has a maximal subobject 
and a maximal quotient object that satisfy (1) — (3). 

B) The reason why we work with Uq([)-integrable differential operators, rather than Ug- 
integrable ones, is the existence of the parabolic triangular decomposition of Corollary 16.41 
which is crucial to understand the structure of Mp^ and hence that of P-p^ . . 

Thus, by Remark 16.51 C), we must in the case p = b use the full algebra T>q. Then the 
Ug([)-integrability conditions are naturally imposed since we want Theorem 14. II to hold. 

4.2.2. Action of Z^^(\JqH)) on (P^""*, Pg, Ug(r)) -mod. Consider now the smash product alge- 
bra Ug([)'"'. Note that any M G (I?^'"*, Pg, Ug(r))-mod has a natural left Ug([)'"'- 
action (the Pg'"*-action is the given one and the Ug([)'"*-action is given by c^p|u,(()inO- 
By Lemma 16.11 and Corollary 16.21 we have 

Proposition 4.5. There is an algebra homomorphism 

Im5( commutes with Dq (8) 1, 5[ induces an algebra isomorphism 

and a[ restricts to an embedding 
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Note that if q is generic then 2^(2?^"'"') = C and ai is an isomorphism. 

Definition 4.6. Let A G Ta and let (2?^™*, Pg, Uq(r), xi,A)-niod be the category whose object 
M satisfies (1) — (3) and also 

(4) (a,(z) - Xi,x{z))m = 0, m G M, z G Z^^(U,(l)). 

Similarly, we let (2?^"'"*, Pq, Ug(r), X[^)-iiiod be the category whose object M satisfies (1) — (3) 
and also 

(4) - XI, A (-z) is locally nilpotent on M, for z G Z^^{\Jq{l)). 

Again, the global section functor F on (2?^™*, Pq, Uq(r), xi,\)-^od is defined to be the functor 
of taking Pg-invariants. Note that the object 

V^^ := Oq(^er{Mp^,x) G (2^^'"*, P,, Ug(r), xi,A)-mod 

represents global sections on this category. 

4.2.3. Note that if M G (2?^"'"', Pg, Ug(r))-mod and F is a Pg-module such that if we differ- 
entiate the Pg-action Ug(r) C Ug(p) acts trivially on V, then we naturally have M 1/ G 
(2?g'"', Pg, Ug(r))-mod, by letting Pq act diagonally and Vq on the first factor. We get 

Lemma 4.7. Let A G Ta, M G (2)g ™*, Pg, Ug(r), X(,A)-™od and let Vp^{^) be an irreducible 

Pq-module with highest weight Then M (SiVp^(ii) G ®;/eA(Vp(/x))(^g) -Pgi Ug(r), xi^H/)""^''^' 
where A{Vp^{^)) denotes the set of weights ofVp^{iJ,). 

Proof. We know that any object of (2)^'"', Pq, Ug(r))-mod has a natural action of 2?g'"*# Ug([)'"* 
and hence also of Ug([)'"* via the map 5( of Proposition 14. 5[ Let us refer to this Ug([)'"*-action 
as the 5!(-action. 

We observe that the 5(-action on M ^ ^Pqip) is the diagonal action of the 5!(-action on 
M and the given Ug([)'"*-action on Vp^(;u), which is obtained by differentiating the given Lq- 
action. We have by assumption that ai{z) = 5((z) acts by Xi,a(-2) on M, for z G 2^*^(Ug([)). 
Therefore the assertion of the lemma follows from Lemma 12.91 □ 

4.3. Direct and inverse image of 2)g-modules. 

4.3.1. For P C Q parabolics recall that we have the adjoint pair {^^pq* , T^pq^,) at the level of 
equivariant Og-modules (see Section [3.3p . We shall now construct direct and inverse image 
functors between our Pg-module categories. 

Let L' and R' be the Levi and the unipotent radical of Q and let I' and r' be their respective 
Lie algebras. Let q be the Lie algebra of Q. 

We shall construct a direct image functor 

■ (^?r''^'/>U,(r))-mod ^ (2^J-'"*,gg,Ug(r'))-mod 

Let M G (2?^'"*,Pg,Ug(r))-mod. We define the underlying (Og, Qg)-module of vr^^.M to be 

TTpg^M = Ind^^M. It remains to construct an action of Ug"'"* on Ind^^M satisfying certain 
compatibilities. 

Let for now A : U^"' Oq{Q) ® U^"' denote the left coadjoint action of Oq{Q) on U^"* 
(i.e. the coaction obtained by integrating the action adr of Ug(q) on Ug°'). Since A makes 
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Uq"' an C'q((5)-comodule algebra we have that A is an algebra homomorphism. By the tensor 



identity A maps U"* isomorphically onto the subspace Indp^ U^"* C Oq{Q) ® U^"' 
Moreover, the tensor identity provides an isomorphism 



given hy u {a m) i-> uia ® U2 ® m, ioi a ® m ^ Indp^M and u € UJ,"', Aw = ui U2- 



Composing this isomorphism with the map Indp'' U'"* — > Indp''M, that is given by the 



action map U" (8)M M, we get a map 

(4.1) U^"* (gjIndp^M Indp^M, u (g) {a m) ^ ma (g) U2m. 

This gives a Ug"'-module structure on Ind^^M, since A is an algebra map. 

Proposition 4.8. 7r|^, defines a functor (2?^"*"*, P,, Ug(r))-mod ^ (D^'"'"*, Qg, Ug(r'))-mo(i. 

Proof. Let M G (P^"'"', Pg, Ug(r))-mod. The U^"'-action on tt^^.M is compatible with the Og- 

action so that Indfp^M becomes a P^^'-module. Moreover, this D"*-action is Qg-equivariant. 

In order to make ■Kpl,M a Pj-'"'-module we shall use that 12.41 provides us with a Qg-linear 
isomorphism: 

4l,M^Ind%^,^M. 

We transport the Og-action to the RHS making Ind^p^^,^ M an object of (Og, Qg)-mod. In 

L' ti ■ 

analogy with the above we can equip Ind^p^^,-^ M with an Ug~'"'-structure by the composition 

where the first isomorphism is the tensor identity and the second map is induced from the 
action map U^"™* ®M — )■ M. (This extends the U™*-action previously defined.) Again, this 

Ug'™*-action is compatible with the Oq and Qg-actions making vr^^^M = Ind^^p^y^ M an 

object of (2^^'"'"*, Qq, Ug(r'))-mod. □ 

Define a functor 

(4.2) 7r|f : (Pj"'"*, Q,, Ug(r'))-mod ^ (P^'"*, P,, Ug(r))-mod 

by T^pq'iV) '■= maximal (Pg, Pg)-module quotient of V on which the two actions of Ug(r) 
coincide. The Pg-action on 7rp^*(y) is by definition the restriction of the Qg-action. 

We observe that the forgetful functor for : (D^'"*, Pg, Ug(r))-mod P^"'"'-mod has a 
right adjoint. From this it follows that (15^'"*, Pg, Ug(r))-mod has enough injectives. It is 
straightforward to verify that 

Proposition 4.9. The functor i^pq* is right exact. There is an adjoint pair of functors 
^vT ■ Qg,V,{^'))-mod ^ (2?;-*, Pq,\Jq{x))-mod : tt^^,. 
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Note that the forgetful functors 

(2?^-'"', Pg, U,(r))-mod^(Og, P,)-mod^Pg-mod 

map injectives to injectives. Thus the derived functors Rtt^^, can be computed as Rlnd'^^ 
of underlying Pg-modules. 

4.4. Description of global sections. 

4.4.1. We keep the notations of Section [4.3[ The main result of this section is 
Theorem 4.1. For any q G C* except roots of unity of order smaller than the Coxeter 
number of q we have i) Pvr^J.^De^ = V-p^ '^ca^p CA, n) fivr|^,(^pj = ^s, ®cA^« CA^^^, 
in) RT{Vv^) = U;"*Oj,^vvCA^^ and iv) RT{Vv^) ^ Uq. 

Part iv) of this theorem, for the case P = B, was first proved in |BK06l IBK08j . A new 
proof of Hi) and iv) in the case P = B is given in |BKllj . The idea here is to reduce to that 
case. Because of our usual equivalence C-mod = (Og,Gq)-mod we see that a special case of 
Hi) implies that i) holds when P = G. 

Proof of Theorem \4.1\ Step a) We have ^r^^'P-p^ = Pg^. By adjunction this give a morhism 

<pB,,P,:Vr,^R7T^'^,Vts^. 

The embedding CA — t- Mb^ induces a map a : CA R-^Bq,1^B,- We observe that 
coincides with the composition 

CaWp Z^^(U,([)) ^ U^-' ^ P^-' ^ Vr, Rt^I.Vb,. 
We thus get a map 

By the tensor identity and lemma [2^ we have 

R^Bq.^B, = Oq{P) Rlndl^Ms, = OqiP) ® P/nd[^^)^ M^, • 
Therefore, 4>Bq,Pq = lc',(p) ®'4>Bq,Pq where 

^B„P, : Mp^ ^ RInd\^^^^^MB, 

is given by (p^^^p^i^) = oi (8> m2, where Am = ai ® rn-2 € Oq{L) Mp^ is the coaction and 

m2 is the image of m2 in M^^. There is also a natural map a : CA^^ — ?> Mp^ (obtained by 
restricting the image of a). Thus, again, we get a map 

(4.3) 0B,,p, a : Mp, ^^^wp CA ^ Rlnd^^^^^^ Mp, . 

Recall that by [BKllj (pp^^Q^ (8i a is an isomorphisms for all q (except roots of unity of order 
smaller than the Coxeter number of q). 

Step b) By corollary 16.41 we have the isomorphisms (*) Ug(r) (^Mpg -> Mp^ and (**) Uq(r) (8 
^{BnL)q ~^ ^Bq, where M^^pp^p-^^ := Uq([) <8)u9(inn) C is the universal Verma module for \Jq{l). 
Under the isomorphisms (*) and (**) we see that the map (pp^^p^ ®ci corresponds to 

/ : U,(r) ® \]q{l) CA ^ RInd[^^^^^ U,(r) M(BnL),, 
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where f{x (g) v z) = xiVi (8) X2 (8) ^2 ■ o{z), where v is the natural projection Uq([)'"' — )■ 

Again, (by |BK11|) the map Ug([)'"* CA ^ Rlnd'l^^^^^^Mf^BnL), given by w ^ ^ 

■ui ® ■ 0(2;) is an isomorphism. Thus also / is an isomorphism by the tensor identity. Thus 
4'Bq,Pq (8) a is an isomorphism. This proves i). 

Step c) Just like in Step a) we get a map 

(4.4) ^P„Q, : Mq, 0^^w« CA^- ^ RIn<fplMp^ 

that we must prove is an isomorphism. We have Rlnd^^Msq = Mp^ ®ic\^p ^'^^^ 

{RInd%lMp^) CA = Rlndf^Mp^ CA = RlndfUB, = Mq^ 0^^^^ CA. 

Since CA is faithfully flat over CA^^ it follows that (t^p^^q^ and hence (pPg^Q^ is an isomorphism. 
This shows ii). in) follows from a special case of ii) by taking Gg-invariants. Finally, iv) is 
deduced from in) by specializing to A. □ 

4.4.2. Localization functor. Because of Theorem 14. II the global section functor F takes values 
in certain categories of U^-modules: 

F : (P^'"*,P„U,(r),xi,A)-mod ^ U^-mod and 

F : (P;--*,P„U,(r),xi:3^)-mod ^ Ug-mod^. 

It is easy to see that both functors have left adjoints, denoted by C, which we call localization 
functors. In the first case it is given by 

^ = ^u,^ ( ) ■ U^mod ^ (P^'"*,Pg,Ug(r),xi,A)-mod 

and in the second case it is given by 

C = l^n{VrJ{l0Keixx)n ( ) : U,-mod^ ^ {V^-"^\ P^,V^{x),x^x)-^od. 

5. Singular Localization 
5.0.3. Here we prove the singular version of Beilinson-Bernstein localization. 
Theorem 5.1. Let q be generic and let A be dominant and P -regular. Then 

F : (P^-™*, P„ Ug(r), Xi,x)-mod ^ -mod 
is an equivalence of categories. 

Proof. Essentially taken from [ BB81j . Since T(T>p ) = U^, which is a generator of the target 
category, the theorem will follow from the following two claims: 

a) Let A be dominant. Then F : (Pg'"*, Pg, Ug(r), X(,A)-mod — > U^-mod is exact. 

b) Let A be dominant and P-regular and M G (2?^"'"', Pg, U£,(r), xi,A)-mod, then, if F(M) = 
0, it follows that M = 0. 

Let y be a finite dimensional irreducible Gg-module and let 

= y_i c C. . . C K = ^ 

be a filtration of V by Pg-submodules, such that Vi/Vi^i = Vp{fii) is an irreducible Pg-module. 
Recall that M(g)V e (I?^'"*, Pg, Ug(t))-mod. 
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Assume that the highest weight fiQ of F is a P^-character. Then Vq = Vp^(/xo) = C^p and 
we have M (g) Vq = M(— /xq) (see Section [312] for these notations). Thus we get an embedding 
M(— ^o) ^ M V , which twists to the embedding 

Now, by Lemmas 12.21 i). HTTl and Theorem 14. II iii) we get that this inclusion sphts on derived 
global sections, so RT[M) is a direct summand of i?r(M(^o))'^'™^- Now, for jiQ big enough 
and M O^-coherent we have i?>°r(M(/io)) = 0, by Proposition E3J Hence, R>^T{M) = in 
this case. A general M is the union of coherent submodules and by a standard limit-argument 
it follows that R>^T{M) = 0. This proves a). 

Now, for b) we assume instead that the lowest weight of y is a P-character. Then we 
have a surjection Af^™^ = M ®V ^ M{—^n)- Applying global sections and using Lemmas 
[22]ii),[321and Theorem O iv) we get that r(M(-/i„)) is a direct summand of r(M)^™^. 
For fin small enough we get that r(M(— /i„,)) ^ 0. Hence, T{M) ^ 0. This proves b). □ 

Theorem 5.2. Let q be generic and let A be dominant and P-regular then 

T : (P^-"*, P„\Jq{x),xv^)-mod ^ -mod'' 
is an equivalence of categories. 

Proof. This follows from Theorem 15.11 and a simple devissage. □ 



6. Appendix 

6.1. Hopf algebras. 

6.1.1. For general information we refer to |M93| . Let H bea Hopf algebra over a commutative 
ring. We denote by A, S, i and e the product, coproduct, antipode, unit and counit, 
respectively, on H. We shall use Sweedler's notation and write Ax = xi®X2 for the coproduct 
oi X e H. 

If M is a right /7-comodule we denote by A : M ^ M ^ H the coaction and write 
Am = mi (8) X2, for m £ M. If is another right //-comodule we have the diagonal coaction 
of on M defined as the composition 

M(g)N ^ {M H) (S) (N (E) H) ^ {M (E) N) (E) {H (g) H) ^ {M (E) N) (E) H, 
where F23 flips the 2'nd and 3'rd tensor. 

Let R be an algebra equipped with a (left) //-module structure. R is called a module algebra 
for H if x{r-r') = xi(r) •a;2(r'), for x £ H and r, r' € R. We can then define the smash-product 
algebra R^H. As a vector space Ri^H = R(S> H and its associative multiplication is defined 

by 

r E) X ■ r' ^ x' = rxi{r') ^ X2x' . 

6.1.2. Adjoint action. The left adjoint action adi of H on itself is given by adi{x){y) = 
xiyS{x2). Similarly, there is the right adjoint action adr of H on itself which is defined by 
adr{x){y) = S{xi)yx2. It makes R a right //-module algebra. 
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6.1.3. An untwisting lemma. Assume that H is isomorphic to a Hopf subalgebra of R and 
consider the action of H on R which is the restriction of the left adjoint action of R on itself. 
Then we have 

Lemma 6.1. There is an algebra homomorphism 

f -.H ^ R#H, f{x) = S{xi) (»X2,xe H. 

Moreover, Im/ commutes with R^l and f induces an algebra isomorphism l/j(8>/ : R®H ^ 
R#H. 

Proof. For the first assertion, let x,y (z H. Then 

f{x) ■ f{y) = S{xi) (g) X2 ■ S{yi) ®y2 = S{xi)adi{x2){S{yi)) ® x^y2 = 
S{xi)adi{x2){S{yi)) ® x-iy2 = S{xi)x2S{yi)S{x^) ® 2:4^2 = 
i o e{xi)S{yi)S{x2) x^y2 = S{yi)S{xi) (g) xiX2 = f{xy). 
For the second assertion, let r (g 1 G i? 1 and x ^ H. Then 

f{x) • r (g) 1 = S{xi)adi{x2){r) (g X3 = S{xi)x2rS{x^) (g X4 = 

u o e{xi)rS{x2) fgi 3:3 = rS{xi) (g X2 = r (g 1 • f{x). 
This implies that l/j (g / is an algebra homomorphism; its inverse is given by 

R#H 3 r ® X ^ rxi® X2 ^ R® H. 



□ 



Let 2(H) denote the center of (the underlying algebra of) H. 



Corollary 6.2. / induces an algebra embedding f : 2(H) Z(R#H). l(g/ induces an iso- 
morphism Z(R) (g Z(H) — )• Z(R^H). In particular, if Z(R) = C then f is an isomorphism. 

6.2. Quantizing U(r). A canonical quantization Vq(t) was defined in [G07j . The following 
properties of it was proved in |G07] for a generic q. We shall prove them for any q by modifying 
his methods. 

Proposition-Definition 6.3. There are subalgebras Uq(r) C \Jq(b) and Uq(r) C Uq(b) such 
that the following holds: 

i) Multiplication define linear isomorphisms Ug(f) (g) Ug(l) — > \Jq(p), Ug([) (g) Ug(r) — > 
\Jq(p) and Uq(r) (g Ug(Q (g) Ug(r) — > Ug (parabolic triangular decomposition). 

ii) Ug(r) and\Jq(t) are integrable adr(Vq(l))-modules. 

iii) Ug(r) is a left coideal in\Jq(b). 

iv) Ug(r) specializes to U(r) at q = 1. 

Proof. The Majid- Radford theorem, |Maj93 , | R85] . implies the following: Let tt : H ^ Hq be 
a split projection of Hopf algebras (i.e. there exists a Hopf algebra injection l : Hq — )■ H such 
that TT o L = Id.) Put B := B(H,Hq) = {x G H;tt(xi) (g) 2:2 = 1 (g x}. Then multiplication 
defines an isomorphism Hq (g) B — > H. Observe that B is automatically stable under the 
right adjoint action of Hq on H and that S is a left coideal in H. 

Note that H = (Bn^Hn is an N-graded Hopf algebra, then the projection tt : H ^ Hq is 
split. 

Assume that H and Hq are Hopf algebras over A. Then we see that the construction of 
B above commutes with every specialization t — )• g. Because, if we let Bg = B(Hq, Ho^q) and 



SINGULAR LOCALIZATION FOR QUANTUM GROUPS AT GENERIC q. 



19 



Bt^g = B{H, HQ)q, we clearly have Bt^g C Bg and, since ® Bg = Hg = H^g ® Bt^g, we 

get Bty-,g = Bg. 

Let U^(p)' be the subalgebra of Uj4''(p) generated by U^(p) and U^''(0. Consider on U^(p) 
(resp. on U^(p)') the grading for which degUg([) = (resp. degU^^([) = 0) and deg Ef^ = 1, 
for /3 € A \ Ap. Let B := S(U^(p), U^(0) and B' := 5(U^(p)', UJ(0). Since 

U^-([) ^B' = Vj%p) = U J(0 ®u^(,) U^(p) = UJ([) ®u^(i) (U^(0 0B) = U J(0 ® B. 

and, evidently, B C. B' we get B = B'. This implies that B is stable under the right adjoint 
action of U^'^([). We shall next prove that this action is integrable: 

Observe that K-13E13 G B{\J_a{p),\Jj({1)). We have (using the Serre relations) that 

adl-^^^'^HEa^.^E^) = adr{F^){K_pEp) = 0, a / /3 G A. 

This implies that K.pEp G U^'"*, for /? G A \ Ap. Then B is generated as an algebra by the 
U^''(p)-module generated by K-pE^, (3 G A \ Ap. This follows from an induction similar to 
the one given in the proof of Theorem 4.1 in [GOT]. We have omitted the details here. 

Thus we have proved that U^'^([)-module structure integrates to an L^-module structure 
on B. Putting Ug(r) := Bg, we get that Ug(r) is an Lg-module for which the first isomor- 
phism of i) holds. Similarly, we construct an Lg-module Ug(r) C Uq(b) such that the second 
isomorphism of i) holds. The third isomorphism of i) follows from the first two. 

a) and in) are already proved. By a computation we have U(r) = i?(U(p), U([)), which, 
together with the fact that B commutes with specializations, proves iv). □ 

It follows from the constructions that Ug(r) and Ug(r) are Hopf-algebras in the braided ten- 
sor category of modules over the Drinfel'd double of Ug([). But they are not Hopf-subalgebras 
of Ug(b), resp. of Ug(b), in the usual sense, i.e. they are not closed under the coproduct, not 
even for r = n. 

Corollary 6.4. Multiplication define linear isomorphisms Ug(r) (X" Ug([)™* Ug(p)'"*"*, 
Ug([)™' (g) U,(r) ^ Ug(p)'-™* and U,(r) ® Ug(0"* Uq(t) ^ U^""*. 

Proof. Let us prove the third isomorphism, the others are similar. Note that by i) and ii) of 
Proposition-Definition [6^ we see that multiplication defines an embedding Ug(r) (8>U|j(l)™* (8" 
Ug(r) — )• Ug'"'. We must show it is surjective. 

Let V G U^-'"'. We can decompose v = Y^Xi ® Uj ® Zj. according to the isomorphism of 
Proposition-Definition [6^ ii) where we can assume that the Xj's y^'s and z^s are linearly 
independent weight vectors. We must show that each yj G Ug(l)'"*. 

Assume in order to get a contradiction that there is a jo such that yj^ G Uq(l) \ Ug([)'"*. 
Thus there is WLOG an E = E^ such that ads '■= adr{E) is not locally finite on yjf,; this 
implies that for all s > 1 we have 

(*) ad%{yjg) ^ Span{adE{yjo);t < s}. 

We claim that this implies that adE is not locally finite on v. By subtracting all summands 
Xi (8) yj (8) Zk for which ads is locally finite on yj we can assume that ads is not locally finite 
on any yj and hence we can assume that there is a vector Xi^ (8 yj^ (8 z^q such that Xj,, has 
lowest weight among all the Xj's. But then ad^^{v) contains a term K'^Xi^ 8) E^yj^^ ® Zi^, 
where K = Ka, which by (*) isn't cancelled by the other terms. This gives the desired 
contradiction. □ 
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Remarks 6.5. A) It follows from the proof of Proposition-Definition [631 that the case n = r 

def 

gives Uq(n) = C{K-aEa; a G A). This definition is not the standard one: usually one takes 
Ug(n) to be C{Ea\a G A). It follows however from the Serre relations that our Ug(n) is 
isomorphic to the latter algebra. 

B) Observe that Ug(r)>o annihilates every finite dimensional irreducible representation of 
Ug(p). Moreover, Uq(b) • Ug(r)>o is generated as a left Ug(b)-ideal by Ea and EaEp, for 
a G A \ Ap and /3 G Ap. 

C) The result of Corollary 16.41 is optimal in the sense that it is impossible to construct a 
p-parabolic triangular decomposition of U^"'^'^ for [' a Levi such that t ^ ['. 
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